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1. Introduction

Throughout this paper, we shall suppose that I/ is an open neighborhood of the origin in C"*!, and
that f: (U,0) — (C,0) is a complex analytic function with a 1-dimensional critical locus at the origin, i.e.,
dimo X f = 1. We use coordinates z := (zq, - ,2,) on Y.

We assume that zg is generic enough so that dimg X(f),, (ZO)) = 0. One implication of this is that

L(0F oF o
0z1 0z 7 Oz,
is purely 1-dimensional at the origin. As analytic cycles, we write
* Corresponding author.
E-mail addresses: hepler.b@husky.neu.edu (B. Hepler), d.massey@neu.edu (D.B. Massey).

http://dx.doi.org/10.1016/j.topol.2016.12.011
0166-8641/© 2016 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.topol.2016.12.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
mailto:hepler.b@husky.neu.edu
mailto:d.massey@neu.edu
http://dx.doi.org/10.1016/j.topol.2016.12.011
http://crossmark.crossref.org/dialog/?doi=10.1016/j.topol.2016.12.011&domain=pdf

60 B. Hepler, D.B. Massey / Topology and its Applications 217 (2017) 59-69
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where I‘}c720 and A}7ZO are, respectively, the relative polar curve and 1-dimensional Lé cycle; see [6] or
Section 2.

We recall a classical non-splitting result (presented in a convenient form here) proved independently by
Gabrielov, Lazzeri, and Lé (in [2], [3], and [4], respectively) regarding the non-splitting of the cohomology
of the Milnor fiber of f,, . | over the critical points of f in a nearby hyperplane slice V(zo — t) for a small
non-zero value of ¢.

Theorem 1.1 (GLL non-splitting). The following are equivalent:

1. The Milnor number of f‘v(zo) at the origin is equal to

> 1e (C-V(0))o,

c

where the sum is over the irreducible components C of £f at 0, (C' -V (z)), denotes the intersection
number of C' and V (z9) at 0, and pg, denotes the Milnor number of f, restricted to a generic hyperplane
slice, at a point p € C'— {0} close to 0.

2. F;,ZO is zero at the origin (i.e., 0 is not in the relative polar curve).

Furthermore, when these equivalent conditions hold, X f has a single irreducible component which is smooth

and is transversely intersected by V(zo) at the origin.

This paper is concerned with a recent conjecture made by Javier Ferndndez de Bobadilla, positing that,
in the spirit of Theorem 1.1, the cohomology of the Milnor fiber of f, not of a hyperplane slice, does not
split. We state a slightly more general form of Bobadilla’s original conjecture, for the case where X f may,
a priori, have more than a single irreducible component:

Conjecture 1.2 (Ferndndez de Bobadilla). Denote by Fyo the Milnor fiber of f at the origin. Suppose that
H*(Fy0;Z) is non-zero only in degree (n — 1), and that

7 (Froi2) = D2t
C

where the sum is over all irreducible components C of X f at 0. Then, in fact, Xf has a single irreducible
component, which is smooth.

Bobadilla’s conjecture first appeared in [1] as a series of three conjectures A, B, and C, although we most
directly address Conjecture C' in our phrasing of Conjecture 1.2 (see the Introduction of [1]).

We approach Conjecture 1.2 via the beta invariant of a hypersurface with a 1-dimensional critical locus,
first defined and explored by the second author in [5]. The beta invariant, 8¢, of f is an invariant of the
local ambient topological-type of the hypersurface V(f). It is a non-negative integer, and is algebraically
calculable.

Our motivation for using this invariant is the requirement that 3; = 0 is precisely equivalent to the
hypotheses of Conjecture 1.2, essentially turning the problem into a purely algebraic question (see The-
orem 5.4 of [5]). For this reason, we will refer to our new formulation of Conjecture 1.2 as the Beta
Conjecture.
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In this paper, we give proofs of the Beta Conjecture in two special cases:

1. In Theorem 3.2, we prove an induction-like result for when f is a sum of two analytic functions defined
on disjoint sets of variables.

2. In Theorem 4.2, we prove the result for the case when the relative polar curve F17ZO is defined by a
single equation inside the relative polar surface I‘fc’z (see below).

2. Notation and known results

The bulk of this section is largely a summary of the concepts of Chapter 1 of [6], which will be used
throughout this paper.

Our assumption that dimg E(f|v(zo)) = 0 is equivalent to assuming that the variety V' (aa_zfla ceey ng) is

purely 1-dimensional (and non-empty) at 0 and is intersected properly by the hyperplane V'(zy) at 0.

Definition 2.1. The relative polar surface of f with respect to z, denoted F?‘,z’ is, as an analytic cycle at the

origin, {V (%, ceey %)} . Note that each component of this at the origin must be precisely 2-dimensional,
and so is certainly not contained in X f.

The relative polar curve of f with respect to zy, denoted F}7ZO7 is, as an analytic cycle at the origin, the

collection of those components of the cycle [V (g—zfl, cee 597’0)} which are not contained in X f.
The 1-dimensional Lé cycle of f with respect to z,, at the origin, denoted A}’ZO, consists of those

components of {V (g—i, Sy g;f )} at the origin which are contained in X f.

We sometimes enclose an analytic variety V' in brackets to indicate that we are considering V as a
cycle. We do, however, frequently omit this notation if it is clear from context that a given variety is to be
considered as an analytic cycle.

An immediate consequence of Definition 2.1 is that, as cycles on U,

of of 1 1
A C A R AL
V(azl’ 732’”) f,20+ fizo

We will use this identity throughout this paper.

Note that, by assumption, V' (5—2’;) properly intersects Flyzo at 0, and also that V(zq) properly intersects
A}, at 0.

Letting C’s denote the underlying reduced components of ¥ f at 0, we have (as cycles at the origin)

A},Zo = ZM%[CL
C

where . denotes the Milnor number of f, restricted to a generic hyperplane slice, at a point p € C'— {0}
close to 0 (see Remark 1.19 of [6]).

Definition 2.2. The intersection numbers (Fl 2V (g—;;)) and (A}c s V(zo)) are, respectively, the
’ 0 ’ 0

Lé numbers )\(} .. and /\}C (at the origin).
s=0 »20
Via the above formula for A} _ , we have:

Moo =D 1 (C-V(20))g-
C
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A fundamental property of Lé numbers from [6] is:

Proposition 2.3. Let Zn(Ff’O) and Zn,l(Fffo) denote the reduced Betti numbers of the Milnor fiber of f at
the origin. Then,

bn(Ff0) = bn-1(Fro) = /\(J)”,zo - /\}”,20'
We will need the following classical relations between intersection numbers.

Proposition 2.4. Since dimg E(flvm))) =0:

. . . g
1. dimg F}JU NV(f) <0, dimg F}zO NV(zp) <0, dimg F}zO nv (B—Z’;) <0, and

(Chaa V() g = (Dhag - V(z0))g + (F?zo v (%))0'

The proof of this result is sometimes referred to as Teissier’s trick.
2. In addition,

o (v ) = (Thay - V0))g + (A - Viz0)), -

Formula (1) above was first proved by B. Teissier in [13] for functions with isolated critical points, and
it is an easy exercise to show that the result still holds in the case where f has a critical locus of arbitrary
dimension. Formula (2) follows from the fact that

af of
)Y (f|V(ZO)) =V <20a 8—21’ Tty 3—271)
and the fact that V(zp) properly intersects V (g—;l, BN 6871;) at the origin.

The following numerical invariant, defined and discussed in [5], is crucial to the contents and goal of this
paper.

Definition 2.5. The beta invariant of f with respect to zg is:

9 °
Bf = Bf,zo = (F;,zo % <87f)> - Z,UC [(C . V(Zo))o — 1]
0 0 C
= A(},zo - )‘},zo + Z:u‘cé
C
:gn(Ff,O) _gnfl(Ff,O) + ZMOC
C

Using Proposition 2.4, 8y may be equivalently expressed as
Br = (Chay VN g = 10 (fivi ) + D e
c

Remark 2.6. A key property of the beta invariant is that the value 5 is independent of the choice of linear
form 2o (provided, of course, that the linear form satisfies dimo X(f),, (ZO)) = 0). This often allows a great
deal of freedom in calculating 3y for a given f, as different choices of linear forms L = zy may result in
simpler expressions for the intersection numbers )\?c, ~, and )\}c, .o+ While leaving the value of B¢ unchanged.
See Remark 3.2 and Example 3.4 of [5].
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It is shown in [5] that 8y > 0. The interesting question is how strong the requirement that 5y = 0 is.

Conjecture 2.7 (Beta Conjecture). If By = 0, then £f has a single irreducible component at 0, which is
smooth.

Conjecture 2.8 (Polar form of the Beta Conjecture). If 5y = 0, then 0 is not in the relative polar curve
F}’ZO (i.e., the relative polar curve is 0 as a cycle at the origin).
Equivalently, if the relative polar curve at the origin is not empty, then By > 0.

Proposition 2.9. The Beta Conjecture is equivalent to the polar form of the Beta Conjecture.

Proof. Suppose throughout that 3y = 0.

Suppose first that the Beta Conjecture holds, so that 3 f has a single irreducible component at 0, which
is smooth. Then 3y = )\%ZO = 0, and so the relative polar curve must be zero at the origin.

Suppose now that the polar form of the Beta Conjecture holds, so that F{ZO = 0 at 0. Then GLL
non-splitting implies that 3 f has a single irreducible component at 0, which is smooth. O

3. Generalized suspension

Suppose that I/ and W are open neighborhoods of the origin in C**! and C™*!, respectively, and let
g:U,0) = (C,0) and h : (W,0) — (C,0) be two complex analytic functions. Let m1 : U x W — U and
mo : U X W — W be the natural projection maps, and set f = gH h := gom; + h o me. Then, one trivially
has

Sf = (ZgxC™"n(C" x h) .

Consequently, if we assume that g has a one-dimensional critical locus at the origin, and that h has an
isolated critical point at 0, then ¥ f = Xg x {0} is 1-dimensional and (analytically) isomorphic to Xg.
From this, one immediately has the following result.

Proposition 3.1. Suppose that g and h are as above, so that f = g h has a one-dimensional critical locus
at the origin in C" ™2, Then, B = uo(h)B,.

Proof. This is a consequence of the Sebastiani-Thom isomorphism (see the results of Némethi [8,9], Oka
[10], Sakamoto [11], Sebastiani-Thom [12], and Massey [7]) for the reduced integral cohomology of the
Milnor fiber of f = gHB h at 0. Letting C denote the component of the critical locus f which corresponds
to C, the Sebastiani-Thom Theorem tells us that

brtm+1(Fr0) = po(h)bn(Fy0), bntm(Fro) = po(h)bn—1(Fy0), and NOC = po(h)uc-
Thus,

B = )‘?”,zg - )\},ZQ + Z N% = bntm+1(Ff,0) = bptm (Fr0) + ZN; = po(h)B,. o
c c

Theorem 3.2. Suppose f = g B h, where g and h are as in Proposition 3.1. Then, the Beta Conjecture is
true for g if and only if it is true for f.

Proof. Suppose that 5y = 0. By Proposition 3.1, this is equivalent to S, = 0, since po(h) > 0. By assump-
tion, B, = 0 implies that Xg is smooth at zero. Since ¥ f = Xg x {0}, it follows that X f is also smooth at 0,
i.e., the Beta Conjecture is true for f. The exact same proof then implies the converse. 0O
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4. I‘}",zo as a hypersurface in I‘2,z

Let I := (g—zj;, S Baz]; ) € Ou,o, so that the relative polar surface of f with respect to the coordinates z
is (as a cycle at 0) given by T3 , = [V(I)].

For the remainder of this section, we will drop the brackets around cycles for convenience, and assume that
everything is considered as a cycle unless otherwise specified. We remind the reader that we are assuming
that f has a 1-dimensional critical locus at the origin and that f‘v(zo) has an isolated critical point at the
origin.

Proposition 4.1. The following are equivalent:
1.&m00%zﬂVUUﬂV@@):0
2. For all irreducible components D at the origin of the analytic set Fg’z NV (f), D is 1-dimensional and

properly intersected by V (zo) at the origin.
3. F?’z is properly intersected by V (29, 2z1) at the origin.

Furthermore, when these equivalent conditions hold

(P32 V() V) g =10 (five) ) + (T V20, 20)) -

Proof. Clearly (1) and (2) are equivalent. We wish to show that (1) and (3) are equivalent. This follows
from Tessier’s trick applied to fj, (0 but — as it is crucial — we shall quickly run through the argument.
Since f},, o) has an isolated critical point at the origin,

mmooﬂlmv<§i)mvg@)a

Hence, 7 := ch’z N V(z0) is purely 1-dimensional at the origin.
Let Y be an irreducible component of Z through the origin, and let «(t) be a parametrization of ¥ such
that «(0) = 0. Let 21 (t) denote the z; component of «(t). Then,

of
(o)) = oL . (n
1 |o¢(t)
. : of I e i .
Since dimpY NV ) = 0, we conclude that (f(«(t)))" = 0 if and only if 2{(¢) = 0, which tells us that
1

f(a(t)) = 0 if and only if z1(t) = 0. Thus, dimeY NV (f) = 0 if and only if dimeY NV (z1) = 0, i.e.,
(1) and (3) are equivalent. The equality now follows at once by considering the t-multiplicity of both sides
of (). O

Theorem 4.2. Suppose that:

1. for all irreducible components D at the origin of the analytic set F2’Z NV(f), D is 1-dimensional,
properly intersected by V(zo) at the origin, and (D -V (zy)), = multe D, and

2. the cycle F}JO equals F?Z -V(h) for some h € Oy,0 such that h(0) = 0; in particular, the relative polar
curve at the origin is non-empty.

Then,

ba(Fr0) = bu1(Fro) = (T3, V(20,21)),
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and so

where the sum is over the irreducible components C' of Xf at 0.
In particular, the polar form of the Beta Conjecture (and, hence, the Beta Conjecture) is true for f.

Proof. By Proposition 4.1,

(P32 V() V) g =0 (five ) + (T V20, 20)), -

By assumption, F}C’ZO = F?}z~V(h), for some h € Oy 0. Then, via Proposition 2.4 and the above paragraph,
we have

bu(Fr0) = bu1(Fro) = A}, = Af s,
= T}y Vg — 0 (Fluo))
= [@ V) - VD)= (TFa V() - V),
+(T%. - V20, 21)), -

As (D -V (z))o = multe D for all irreducible components D of F?,z NV (f), the bracketed quantity above
is non-negative. Therefore,

ﬂf = (F?,z : V(Z()?Zl))g + Ztu’%'
C

As0c Xf C F? ,» We have (ch L Vi(zo, 21)> > 1 and, as we are assuming that X f is 1-dimensional at
; . o
the origin, Y p& > 1. The desired inequality follows. O

Example 4.3. To illustrate the content of Theorem 4.2, consider the following example. Let f = (23+y2+2°)z
on C3, with coordinate ordering (z,y, z). Then, we have X f = V(23 + y2, 2), and

of

which we note has an isolated singularity at 0.
Then,

V(@f af

L )=V 34 y?+62°

=V(y,2° +62°) + V(22" + 3%

so that I‘}’w = V(y,2® +62°), and A}’w consists of the single component C' = V (z, 2% + 3?) with /Olc: 1. It
is then immediate that

Tio =V(Y) Ty

so that the second hypothesis of Theorem 4.2 is satisfied. For the first hypothesis, we note that
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T3 oy V() = V(@® +y* +62°, (2 +y° + 2°)2)

(52°,2% + y* + 2P ) UV (2® + %, 2)

V
|4

(3 +y*,2) = D.
Clearly, D is 1-dimensional, and is properly intersected by V(z) at 0. Finally, we see that
(D-V(x))o =V(z,2,2° +y*)o = 2 = multy D,

so the two hypotheses of Theorem 4.2 are satisfied.
By Proposition 2.3, Theorem 4.2 guarantees that the following inequality holds:

0 1 2
o= Mo 2 (Th o - V(x,y))o.

Let us verify this inequality ourselves. We have

A}, = (I‘;L -V (%))0 = V(y,z* +62°,32%2)0
=V (y,22, 250 + V(y, z,2%)0 = 13,
and
)\}’I = (A}z : V(ac))o =V(z,z,2° +y*)o = 2.
Finally, we compute
(F?”,(z,y) - V(z, y))o =V(x,y, 2> +y* +62°)g = 5.
Putting this all together, we have
A=A, =115 = (ch,@,y) : V(x,y))o,
as expected.

Example 4.4. We now give an example where the relative polar curve is not defined inside F%Z by a single
equation, and by, (Ff.0) — by_1(F.0) < 0.
Let f = (22 — 22 — y?)(2 — z), with coordinate ordering (z,¥, z). Then, we have X f = V(y,z — x), and

13, =7 (5) = veste - o) + (2 -2 =2

Similarly,

\% <ﬁ, ﬁ) =V(y,3z4+2)+3V(y,z — z),
y’ 0z

so that F}@ =V (y,3z+ z) and p°® = 3. It then follows that F}yx is not defined by a single equation inside
F?ﬂ(z,y)' - ~

To see that ba(Ffo) — bi(Ffo) < 0, we note that, up to analytic isomorphism, f is the homogeneous
polynomial f = (zz — y?)z. Consequently, we need only consider the global Milnor fiber of f, i.e., Fy g is
diffeomorphic to f~2(1). Thus, Fy,o is homotopy equivalent to S, so that by(Ff.0) = 0 and by (Ff) = 1.
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Corollary 4.5. The Beta Conjecture is true if the set I'
at the origin. In particular, the Beta Conjecture is true for non-reduced plane curve singularities.

is smooth and transversely intersected by V (zq, 21)

yZ

Proof. Suppose that the cycle F27z = m[V(p)], where p is prime. Since the set I’?,z is smooth, A := Oy o/p
is regular and so, in particular, is a UFD. The image of df/0z; in A factors (uniquely), yielding an h as in
hypothesis (2) of Theorem 4.2.

Furthermore, the transversality of V (2, 21) to F?’z at the origin assures us that, by replacing zo by a
generic linear combination azg + bz, we obtain hypothesis (1) of Theorem 4.2. O

Example 4.6. Consider the case where f = 22 + (3% — 23)? on C3, with coordinate ordering (x,v, 2); a quick
calculation shows that X f = V(z,y? — 2®). Then,

of

is clearly smooth at the origin and transversely intersected at 0 by the line V' (z,y), so the hypotheses of
Corollary 4.5 are satisfied. Again, we want to verify by hand that the inequality

Ao,x - A}‘,x > (F?‘,(x,y) ’ V(zvy)>0

holds.
First, we have

)\O’I = <F}w -V <g>> =V(y,22(y* —2*)(=32%))o = V(y, 2,2°)0 = 5,
T/ /o

and

)\}’x = (A}m . V(:C))O =V, z,y% — :103)0 =V(x, z,y2)0 =2.

On the other hand, we have (F?(I’y) . V(x,y))o = V(z,y,2)0 = 1, and we see again that the desired
inequality holds.

In the case where f defines non-reduced plane curve singularity, there is a nice explicit formula for 3y,
which we will derive in Section 5.

5. Non-reduced plane curves

By Corollary 4.5, the Beta Conjecture is true for non-reduced plane curve singularities. However, in that
special case, we may calculate 3y explicitly.
Let U be an open neighborhood of the origin in C2, with coordinates (x, ).

Proposition 5.1. Suppose that [ is of the form f = g(x,y)Ph(x,y), where g : (U,0) — (C,0) is irreducible,
g does not divide h, and p > 1. Then,

5 { (p+ 1)V (g, h)o + pro(g) + po(h) =1, if h(0) = 0; and
! pro(g), if h(0) # 0.

Thus, B5 = 0 implies that X f is smooth at 0.
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Proof. After a possible linear change of coordinates, we may assume that the first coordinate x satisfies
dimo X(f},,) = 0, so that dimg V (g, z) = dime V (h, z) = 0 as well.
As germs of sets at 0, the critical locus of f is simply V(g). As cycles,

of ; . 199 | ,0h
V(25 ) =T}, +A}, =V (phg"™
<8y) fo TR (phg oy "oy

dg oh
= —_— - _ 1
4 <phay + gay> +(-1V(g),

so that F}x =V ( hag + ga ) and X f consists of a single component C' = V(g). It is a quick exercise to

show that, for g irreducible, g does not divide g—z, and so the nearby Milnor number is precisely ug = (p—1)
along V(g).

Suppose first that h(0) = 0.

Then, by Proposition 2.4,

)‘O,x - A},r = (Fl,r ! V(f))o — Mo <f|v(1~)) .
We then expand the terms on the right hand side, as follows:

(Cre V()= (o V(9)g+ (Tra - V1),

B g oh

—pV<g,hay> +V<h oy )

) g oh
_(p+1)V(g,h)o+pV<g7ay> +V< 83/)0'

= 0 and dimg V' (h, )
respectively, T’ (%) and F,ll .=V
to obtain

Since dimg V(g7 0, the relative polar curves of g and h with respect to x are,

/\II

) We can therefore apply Teissier’s trick to this last equality

(Tie-V()g=@+1)V(g,h)o +p [V (Z—Z,x>0 + m(g)} + [V (%Z,x)o + uo(h)}

= (p+ 1)V (g h)o + pro(g) +pV (g, x)o + V(h,x)o — (p+1).
Next, we calculate the Milnor number of the restriction of f to V(x):

o () =V (5h2) = he V@D, + =)V (@20

Substituting these equations back into our initial identity, we obtain the following;:

)\O,x - A},x = (p + 1)V(g7 h)O + V(g,l’)o + V(h,l‘)o

+ppo(g) + po(h) — (Tf . V(@) — (p+1).

We now wish to show that (F} o V(x)) = V(gh,z)o — 1. To see this, we first recall that
' 0

dg Oh
1 . = a5 T
(Cpie V() = multy { (ph ay) v () ' (9 6y) |v(z)} ’
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where g, . and h|v(m) are (convergent) power series in y with constant coefficients. If the lowest-degree

terms in y of (phg—g) and (gg—Z) do not cancel each other out, then the y-multiplicity of their

[V (z) V()
sum is the minimum of their respective y-multiplicities, both of which equal V(gh,x)o — 1. We must show

that no such cancellation can occur. To this end, let Iy = Yoion a;y’ and h‘v(m) =>ism b;y* be power

series representations in y, where n = mult,, Iy () and m = mult, h|v(z) (so that an, by # 0). Then, a quick

computation shows that the lowest-degree term of (phg—z)‘ is pn apb,,, and the lowest-degree term of
V(x)

(gg—Z)‘ is m a,b,,. Consequently, no cancellation occurs, and thus (I‘1 z V(x)) = V(gh,z)o — 1 =
V(z) , 0

n+m—1.
Therefore, we conclude that

Br = (p+1)V(g,h)o + puo(g) + po(h) — 1.

Since V(g) and V' (h) have a non-empty intersection at 0, the intersection number V' (g, h)g is greater than
one (so that 8y > 0).
Suppose now that h(0) # 0. Then, from the above calculations, we find

(T} - VI(£) = prio(g) + pV (9, 2)o — (p+ 1), and

1o <f|v(z)) =pV(g,2)o — 1

so that By = ppo(g).-
Recall that, as X f = V(g), the critical locus of f is smooth at 0 if and only if V(g) is smooth at 0;

equivalently, if and only if the Milnor number of g at 0 vanishes. Hence, when X f is not smooth at 0,
to(g) > 0, and we find that 5y > 0, as desired. O

Remark 5.2. Suppose that f(z,y) is of the form f = gh, where g and h are relatively prime, and both
have isolated critical points at the origin. Then, f has an isolated critical point at 0 as well, and the same
computation in Proposition 5.1 (for po(f) instead of Bf) yields the formula

wo(f) =2V (g,h)o + po(g) + po(h) — 1.

Thus, the formula for By in the non-reduced case collapses to the “expected value” of ug(f) exactly when
p =1 and f has an isolated critical point at the origin.
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